NUMEROUS SERIES (I - PART)

0
Consider a number series a, +a, +a; +....... +a,+.... = Z a, with positive members.

n=1

n
The sum is S,= a;+aytas+.. .+an=Za . »and we call it partial sum.
k=1

We are looking for lim§S, .

n—>0

If limS, =S (number ) then series converges, and if limS, =+oco or does not exist, then the series diverges.

n—>o0 n—o
Partial sums are in fact:

S, =aq,
S,=a, +a,

S,=a,+a,+a,

S =a +a,+a,+..a,

Example 1.
. . 1 1 1 . :
For a given series — + +..+ +on determine S, and found lim S, .
1-4 4.7 (Bn-2)-Bn+1) n—o
Solution:
s o, L !

+...+
" 1.4 4.7 (3n-2)-Gn+1)

Decomposes a rational function on FACTORS:

1 __ 4 N B
3n-2)-3n+1) 3n-2 3n+l
1=A4Bn+1)+B(3n-2)
1=34n+ A+3Bn—-2B
1=CBA+3B)n+A—2B..uueeeeieeerrnn. Compares :

....................................... /*(Bn—2)-(3n+1)



A=2B =l /*(=3)
34+3B=0
—34+6B=-3
9B=—3—>B:—§—>A:§
1
1 3 .3 1 1 1 )

(Gn-2)-Gn+1) 3n-2 3n+l 3 3n-2 3n+l
Now we return to the task and this applies to each addend of the series:

1 1 11 11 1 1 1 1
S, ==[d-—)+(=—2)+(=z——)+...+ - + -
! 3[( 4) (4 7) (7 10) (3n—5 3n—2) (3n—2 3n+1

1 \I\I N 1
S”_s[l/{%\iki/l%h"%—s ESRED ) il

1 1
S =—[l-——
=305

)]

1 1 1 1 1
limS, =lim—[1- =—lim[1- =—
now n%oo3[ 3n+1)] 3n~>oo[ 3n+1 )] 3

tezi 0
§=1
3
Example 2.
. . 2n-1
Examine the convergence of series Z
‘= 3n+2

Solution:

Here is our job easy! Theorem is true:

If the series Z a, converges , then lima,=0, if lima, # 0 then line certainly does not converge.

n=1 n—>0 n—»0
. 2n— . 2n—-1 2 . . .
Therefore, we ask  lim and we know that lim =— =0 , we are confident that this series diverges.
n—>w3n+2 n—>°°3n+2 3



Example 3.

) . S|
Examine the convergence of series: Z 1
n=1 <N —
Solution:
. . . . 1 1 . .
First we will examine: lim =—=0 . Does this mean that series converges? NO!

o0 2p—1 o
It may converge or diverges , the theorem helps in a situation when we get some number # 0 for the solution, and then

we are sure that the series diverges. Thus we have to investigate further...

1
521252:1+§
S,=8,=1 !
2 =0, = +—+—+7
....... etc.
1 1 1 1 1 1 1 1
S =t —t—t+—t+—+—+—+....... +
2 1 3 5 7 9 11 13 2.2" —1
then :
1 1 1 1 1 1 1 1 1 1 1
S, =C+2)+t=+ )=+ —F+—=+—)....... + + +..+
2 (1 3) (5 7) (9 11 13 15) (2’"+1 2" +3 2-2’"—1)
It is obvious that:
l+l>1
1 3
1 1 1 1 1
—4—>—4—=—
5 7 8 8 4
1 1 1 1 1 1 1 1 1
-t —+—>— 4 —+—+—=—
9 11 13 15 16 16 16 16 4
1 1 1 2m ]
+ +..+ > =—
2" +1 2" +3 2.2"—1 2™ 4
we have:
S2m>1+m_—1
4

Asis lim(1 +mT—l) =0 , this tells us that a series diverges!

m—>o0



Example 4.

o0

. . 1
Examine the convergence of series: Z— .
n=1 1

Solution:

. o o . .11
And here is a similar situation as just: lim—=—=0.
n—>0 n o0

We use a similar trick as in the previous task...

We are looking at a series of partial sums S;,k € N that is always growing. His subsequence S,,,m e N is:

1
SZI—S2:1+§
I 1 1
Sp=8=l+—+-+—
3
....... elc.
I 11 1 1 1 11 1 1 1
B i i ek s shonk el el et SOV e ey ey ool AL e
1 23 45 6 7 8 2" +1 2" +2 2
Group members :
I 1 1 1 1 1 1 1 1 1 1
S, ==F—+(=+)+t(=+=+=+)+...+ + +ot—
102 (3 4) (5 6 7 8) (2'”“+1 2" 42 2’”)
I 1.1 1 1
—+—=>—+—==
3 4 4 4 2
1 1 1 1_1 I 1 1
—F—F—=t=—>—F—F—+—=—
567 8 8 8 8 8 2
! ! IR N I |
2" 41 242 2" 2" 2" 2" 2
We have:
Sz,,,>1+ﬂ
2

Here is lim(1 +%) =0, and series diverges.

m—>o0



Cauchy criteria (test)

Necessary and sufficient condition for Z a, to converges is that for arbitrary & > 0, there is a natural number

n=1

N =N(¢) sothat for n>0A p>0 istrue:

S,.,~S,|<¢

Example S.

. o R T R
Using the Cauchy criteria, prove that series Z— diverges.

n=l1
Solution:

In the previous example we prove that this series diverges. Now our job is to prove that using the Cauchy test.

Consider that p = n. Then we have:

Sn+n_Sn :|S2n_Sn = 1 + 1 + 1 +....... "|'L
n+l n+2 n+3 2n
As s :
1 1
_>_
n+l 2n
1 1
>_
n+2 2n
1 1
>_
n+3 2n
This back up and get:
Sn+n_Sn :|S2n_Sn = 1 ! L +i>}’l L:l
n+l n+2 n+3 2n 2n 2

If we initially take to, say & :% and we have that & > %, We can conclude that the series diverges.



Example 6.

0

1
— di .
; oY iverges

Using the Cauchy criteria, prove that series

Solution:

Take that ¢ :% and p=n. We have:

S =S| =18, =8, = 1 + 1 ot s
win O 21 " P \/(n+1)(”+2) \/(n+2)(n+3) """" 2n(2n+1)
Now think:

(n+D)(n+2)<(n+2)* > ! ! - ! ! - ! P
(n+D)(n+2) (n+2)"  Jn+Dn+2)  Jn+2)?  |Jor+D@n+2) n+2
1 1 1 1 1 1

(n+2)(n+3)<(n+3)7 -

%

J(m+2)(n+3) T

< 2 —> <
(n+2)(n+3)  (n+37  Jn+2)n+3)  Jn+3)

And so on.

Now, we have :

Spin =S, =[5, =S, | = 1 + 1 b e >
n+n n 2n n \/(n+1)(n+2) \/(n+2)(n+3) ''''''' 2n(2n+1)
1 1 1 1
> + + -

ot
n+2 n+3 2n+1 4

We prove that this series diverges.



Comparable criteria:

Valid for two series Z a, and an
n=1 n=l1

1) If a,<b, then a) an convergent = Zan convergent
n=l1 n=1
b) Zan divergent = an divergent
n=1 n=l1

. a b < -
ii) If 1< b”—“then a) ».b, convergent = » a, convergent
a

n n n=1 n=1

b) Zan divergent = an divergent

n=1 n=1
i) If limZ
n—>0 bn

=M, (M#0 and M is a finite number ) series simultaneously are convergent or divergent

0
Most often series we used for comparison is Z—k ; for k>1series is convergent , for k< 1 is divergent.

n=l1

Example 7.
. ) 21
Examine the convergence of series: z S
n=1 <N —
Solution:
Think:

2n—1>n starting from n=2, so:

1 1
<_
2n—-1 n

SRR T B .
As the series Z— diverges , series Z

n=1 1 n=1 &N —
Some teachers do this directly:

diverges by the comparative criteria

1 1
~— when n—>
2n—-1 2n

Then is Z% :% Zl , and conclude that a given series diverges.
n=1 n




Example 8.

= 1
Examine the convergence of series: z
w1 N n+1

Solution:
We will use the faster way, and you of course work to your professor requires ...

! ~ ! ~ ! :i when n— .

nvn+l1 ! | ! 2

n(n+1)> n-n> n?

Mark ~ mean that these expressions behave similarly when n — oo

o0
Series 2—3 converges , so converges and order z
w1 N n+1

n?

=1
Of course, we could have used comparable criteria, where Z—z is for comparison.

n=1
Example 9.

> Jn+1-n

Examine the convergence of series: Z

n=1 \3/;

Solution:

Here we first make a rationalization:

i«/n_ \/_«/nTJr\/_ Z(\/ﬁ)_(\/_) z n+l-n
S A nrtedn S Wt Sl

ZI(WN‘)

Now, think:
! ! _| ! when n — o
In-(n+1+n) f(fw_) EE

0

So, we have Z ! 5 :l ZLS this series diverges and series Z n+l—n
n=1 2’1% 2 n=1 ng n=1 \/_

diverges to.




Example 10.

. . I
Examine the convergence of series: Zsm—
n=1 n

Solution:

. a o
Here we use sin— ~— when n — o

n o n
1. = a .
We have : Z—: Z— diverges, so ZSIH— diverges.
n=1 1 n=1 1 n=1 n

Example 11.

.1

. nsin—

Examine the convergence of series Z%
n”+1

Solution:

|
When n — oo there are sin—~— and +«n®>+1~+/n* ~n,s0, we have :

n on
nsin— n-— 1
____n ___ n_
Vn® +1 nn
1
» nsm—

Z diverges , and Z \/_ diverges .
n”+1

In the next file we continue with the criteria for convergence ...



